We study the photon-quark-quark and Higgs-gluon-gluon form factors for on-shell massless quarks and gluons in perturbative QCD. Previous third-order results for the quark case are extended by calculating the fermion-loop contributions up to the finite terms in dimensional regularization. For the gluon case the complete set of infrared poles at three loops is derived. Using the exponentiation of the form factor, the latter results are employed to extract a function entering the infrared factorization of general third-order amplitudes. We evaluate the infrared finite absolute ratio of the time-like and space-like gluon form factors up to the fourth order in the strong coupling constant. The result supports previous indications that the perturbative expansion of the Higgs boson production rate at the LHC is under control.
The form factors of quarks and gluons, i.e., the QCD corrections to the qqX and ggX vertices with a colour-neutral particle X , are quantities of considerable phenomenological and theoretical interest. These three-point amplitudes represent important gauge invariant (if infrared divergent) parts of the perturbative corrections to processes of utmost relevance, like the production of lepton pairs and the Higgs boson H at proton colliders. Due to the exponentiation of the form factors [1] [2] [3] , already the dimensionally regulated pole terms at order α n s , combined with appropriate lowerorder information, suffice for deriving the finite absolute ratios of the time-like and space-like form factors to order α n+1 s , thus providing valuable information about the size of the higher-order corrections. The form factors are also the simplest amplitudes to which the infrared factorization formulae of Refs. [4, 5] can be applied. Consequently explicit calculations of these quantities lead, through the resulting determinations of otherwise unspecified functions in these formulae, to unambiguous predictions for the pole structure of higher-order amplitudes involving more partons.
In a recent article [6] we have extracted all three-loop pole terms of the electromagnetic form factor F q (α s , Q 2 ) of on-shell massless quarks from the calculation of the third-order coefficient function in deep-inelastic scattering [7] and extended the resummation of this form factor to the next-to-next-to-leading contributions. In this letter we present the corresponding results for the Hgg gluon form factor F g (α s , Q 2 ). As a first step towards the complete three-loop computations, we moreover extend the fermion-loop (n f ) parts of F q to the order ε 0 in dimensional regularization
Since results on deep-inelastic scattering are our starting point, we first address the space-like form factors. Thus the relevant amplitude for the γ *uark case is
where e q represents the quark charge and Q 2 the virtuality of the photon. The corresponding Hgg vertex is an effective interaction in the limit of a heavy top quark,
Here G a µν denotes the gluon field strength tensor, and the prefactor C H is determined by the topquark loop including all QCD corrections. Neither these corrections nor the renormalization of G a µν G a,µν are relevant to the present study, hence we refer the reader to Refs. [8, 9] for details. Besides the electromagnetic case utilized in Ref. [6] , we have also calculated the third-order corrections to deep-inelastic scattering by exchange of a scalar interacting with gluons according to Eq. (2). The inclusion of this (experimentally entirely irrelevant) process was required for obtaining the full set of splitting functions governing the evolution of the parton distributions at the next-to-next-to-leading order [10, 11] . All terms up to ε 0 were consistently kept also in this part of the calculation. Hence we can repeat the procedure discussed in Ref. [6] for F g (α s , Q 2 ), and derive the complete set of pole terms, ε −6 . . . ε −1 , at three loops.
In order to access the finite (ε 0 ) parts of the form factors in this approach, the three-loop computations of deep-inelastic scattering need to be extended to order ε. This is not an option for the complete calculation with its more than 100 000 tabulated integrals. However, only very few genuine three-loop diagrams remain if we confine ourselves to the n f contributions to the quark form factor (these diagrams can be found in Ref. [12] ). As neither of those diagrams is of a particularly difficult type, we were able to carry out the required extensions for this subset.
We present our results in terms of the expansion coefficients F p l of the bare (unrenormalized) form factors ( p = q, g )
The fermionic contributions to the quark form factor are given by 
Here n f stands for the number of effectively massless quark flavours, C F and C A are the usual QCD colour factors, C F = 4/3 and C A = 3, and the values of Riemann's zeta function are denoted by ζ n . The ε 1 and ε 2 terms in Eq. (5) and the corresponding non-fermionic contributions [6] have recently been confirmed in Ref. [13] , where exact expression for both two-loop form factors were derived. The finite (ε 0 ) contributions in Eq. (6) represent a new result of the present letter.
The first three expansion coefficients (3) of the unrenormalized gluon form factor read 
As in Eq. (5), the one-and two-loop quantities (7) and (8) are written down to the accuracy in ε required for the extraction of the three-loop form factors to order ε 0 . The terms up this order in Eq. (8) have been obtained before in Refs. [8, 9] . Our corresponding coefficients of ε 1 and ε 2 agree with the recent all-order expression of Ref. [13] . Eq. (8), of which we will present an independent check below, is the main new result of this article.
In the context of Refs. [14, 15] it is interesting to note that the terms of highest transcendentality, i.e, the coefficients of ζ n and ζ i ζ j with i + j = n, in the ε −2l+n contributions to F l agree between the quark and gluon form factors for the Super-Yang-Mills case C A = C F = n c . In fact, up to two loops this can be readily shown to all orders in ε by expanding the prefactors of the master integrals in Eqs. (8) - (11) of Ref. [13] .
The exponentiation of the form factors is performed for the (coupling-constant) renormalized quantities. These are obtained from Eqs. (3) - (8) by replacing the bare coupling a b s by its renormalized counterpart a s according to
where β i are the usual expansion coefficients of the beta function of QCD, β 0 = (2) into the definition of the (renormalized) gluon form factor.
The exponentiation of the (coupling-constant) renormalized form factors can be written as [2, 3] ln F α s ,
Here K p (α s , ε) are scale-independent counter-term functions consisting of a series of poles in ε in the MS scheme. These functions can be determined recursively from a renormalization group equation (see, e.g., Ref. [3] ) in terms of the cusp anomalous dimensions A p [16] . The functions G p , on the other hand, can be expanded in non-negative powers of ε at all orders of α s . Finallyā is the running coupling in D dimensions, see Refs. [6, 17] . After expansion in α s , the integrals in Eq. (10) can be solved using algorithms for the evaluation of nested sums [18, 19] , see Ref. [6] .
Transforming back to the unrenormalized expansion coefficients F p i in Eq. (3) the results read
The corresponding expression for the four-loop form factors can be found in Ref. [6] .
From now on we confine ourselves to the gluon form factor F g . The corresponding anomalous dimensions A g are related by a factor C A /C F to the quark quantities A q [16] which are known to order α 3 s [10, 20] . This relation has been verified by the explicit calculation of Ref. [11] . As always using the expansion parameter a s = α s /(4π), the available coefficients read 
Beyond the third order only the (small) leading-n f contributions are known [21] .
Using these coefficients, the l-loop pole terms ε −2l . . . ε −2 in Eqs. (11) - (13) can be predicted from lower-order information, thus providing a strong check of either the exponentiation formula or the explicit l-th order calculation. Our results pass this check, thus Eqs. (7) - (8) can be employed to recursively derive the resummation functions G g i for i = 1, 2, and 3 to the respective fifth, third and zeroth order in ε, yielding
As a first concrete application of our results we consider the absolute ratio |F g (q 2 )/F g (−q 2 )| of the renormalized time-like and space-like form factors. This quantity is infrared finite and directly enters the cross section for Higgs boson production in hadronic collisions. In terms of the coefficients A i and G i (ε = 0) this ratio is given by [6] 
for the couplings a s (q 2 ) = a s (−q 2 ) = a s . All terms contributing at the fourth order are now known, with the exception of the small four-loop cusp anomalous dimension A 
Below a conservative (but numerically irrelevant) uncertainty of 50% is assigned to this estimate.
Inserting the numerical values of Eqs. (14) - (19) for n f = 5 quark flavours, we obtain 
The contributions up to order α 2 s have been derived before in Ref. [8] , where the factor 153.2 in the penultimate line of Eq. (19) should read 135.2. The low-order contributions to Eq. (27) are larger than for the corresponding quark quantity in Ref. [6] . On the other hand the growth of the coefficients is slower in the present case, surprisingly suggesting a more benign higher-order behaviour. As for Higgs boson production couplings of the order α s ≈ 0.1 are relevant, Eq. (27) further supports indications from the next-to-next-to-leading logarithmic threshold resummation [23, 24] that the corrections beyond the next-to-next-to-leading order (α 2 s ) of Refs. [25] [26] [27] [28] are rather small.
